We present numerical simulation results of the nonlinear evolution of the (1,1) internal kink mode in the presence of various kinds of equilibrium plasma flows. The present studies are carried out in the framework of a two fluid model to extend our past investigations done with a reduced magneto-hydrodynamic (RMHD) model. Two-fluid effects are found to significantly influence the mode dynamics in a number of different ways. In the linear regime diamagnetic effects in combination with flows provide a synergistic stabilizing influence that also carries over to the nonlinear regime. In addition one observes novel symmetry breaking phenomena in the linear growth rates as well as in the nonlinear saturated states of the mode. Our study also explores the influence of strong viscosity on the mode evolution and finds interesting modifications in the real frequency of the mode in the linear regime.
Introduction
In an advanced tokamak with high temperature plasmas, sawtooth is a frequently observed phenomenon. As the core temperature increases, resistivity goes down which results in a higher current density in the core region. Simultaneously, the safety factor, q, becomes less than one which triggers an m = 1, n = 1 internal kink mode. As sawteeth can potentially degrade the confinement of the plasma, it is very important to understand its dynamics and learn how to control it. To do that, we first need to understand the m = 1, n = 1 mode, as it is closely associated with sawteeth. In view of its fundamental importance the mode has been widely studied in the past to understand its physics [1, 2, 3] . Plasma rotation is also a very common occurrence in a tokamak that can get generated either internally or externally e.g. due to NBI injection. It is also well known that plasma rotation can modify sawtooth dynamics [4, 5, 6, 7, 8] . Experimental observations in NSTX [9, 10] , JET [11, 12] , MAST [13] , TEXTOR [14] etc. indicate that there is a definite correlation between the changes in sawtooth behaviour with changes of plasma rotation in a tokamak. In particular it is seen that the direction of the flow can either increase or decrease the sawtooth period. In other words flow can change the intrinsic characteristics of the kink mode. There are several past studies that have focused on the stability of the m = 1,n = 1 mode in the presence of flow. Guzdar et al [15] have shown that toroidal sheared flow which is close to the acoustic speed in plasma can completely stabilise the (1,1) mode. In the work of Shumlak et al. [16] , a stabilising effect due to a sheared axial flow on the (1,1) mode in a cylindrical Z-pinch has been found. Most of the past studies found stabilising effects of flow on the (1,1) mode, but there are a few studies such as by Gatto et al [17] and Brunetti et al [18] , Crombe et al [19] that have found that flow shear can have a destabilising effect. Chapman et al [13] have suggested that the asymmetry in the sawteeth period is related to the plasma flow direction with respect to the diamagnetic drift. In our earlier study [8] , using a single fluid model, we have observed that there is a similar symmetry breaking in the presence of helical flows. However, those single fluid studies do not include diamagnetic flows which require a two fluid model. Diamagnetic flows can alter the dynamics of the mode, particularly in the presence of equilibrium flows, by affecting its stability as well as its rotation frequency. A number of past studies have employed the two fluid model to study of tokamak instabilities, particularly the tearing and kink instabilities [20, 21, 22, 23, 24] . One of the earliest works on this topic has been by Thyagaraja et al [2] , in which they have elucidated the necessary and sufficient conditions required for the existence of a nonlinearly saturated m = 1 tearing mode in tokamaks. In the paper of Barkov et al [20] , they have studied the drift-kink instabilities using two fluid simulations and compared their accuracy to that of PIC methods and found good agreement. Zakharov et al [21] have studied the internal kink mode in the context of tokamaks. They studied a scenario with a finite β and found their results to compare favorably with past kinetic studies. A validation study using the NIMROD code was carried out by Akcay et al [24] . Although we have several interesting results on the effect of flows on the dynamics of the m = 1,n = 1 internal kink modes with flows using a single fluid model, those results can get modified in the two fluid regime. Our present study is aimed at studying those modifications by extending our earlier single fluid study [8] to a two fluid regime and thereby gaining a deeper understanding of the dynamics of the internal kink mode.
In this work, we have investigated the stability of the (1,1) mode in the presence of sheared flows over a range of viscosity regimes using the CUTIE [25] code in the two fluid regime. The reason for taking a wide range of viscosity is to account for the fact that viscosoity can sometimes be high in tokamak operations, possibly due to turbulent effects and could therefore modify the effect of flow shear on the stability of the internal kink mode [26, 27, 8] as observed earlier. We also take account of the electron diamagnetic drift velocity, v d and the corresponding drift frequency ω * . The diamagnetic drift is proportional to the electron density gradient which is characterized by the parameter α in our model where we have used a density profile of the form n = n 0 exp(−α r 2 a 2 ), where n stands for density and r is the radial coordinate.
We have begun with linear studies which we have carried out using the Resolvent method, a method of finding eigenvalues, explained in the paper [7] . We have observed the modification of growth rate and the rotation frequency of the m = 1,n = 1 with different diamagnetic flow frequencies over a range of viscosities. Then we have applied pure axial, pure poloidal and helical flows, and studied the same for different combinations of flow magnitudes and directions. In all cases we have seen symmetry breaking with a reversal of flow direction. This symmetry breaking happens either in the presence of diamagnetic flow or by including parallel dynamics or both. However, this dynamics is significantly modified depending upon the viscosity regime. Then we have extended our work into the nonlinear regime and observed the nonlinear saturation level to be similarly modified with diamagnetic flows, imposed flows, as well as viscosity. Both the linear and nonlinear results are very different as compared to our studies in the RMHD regime [8] . We also notice that the poloidal flow is destabilising nonlinearly and linearly in some cases.
The paper is organized in the following manner. In section 2, we have described the two fluid model of plasma in a cylindrical geometry. In section 3, we have studied the effect of diamagnetic flows (1,1) mode in the linear regime without any imposed flows initially. After that, we have studied the behaviour of the mode with different types of flows. We have done these studies both in the low and high viscosity regimes. In section 4 we have studied the (1,1) mode in the nonlinear regime in the absence of flow as well as in presence of axial, poloidal and helical flows. Section 5 provides a brief summary and a discussion of the results.
Model
We have previously published our investigations using a single-fluid incompressible version of the CUTIE code [8] . In the present version, our numerical investigations have been carried out in the framework of a two fluid model, that includes a continuity equation for electron density and the parallel momentum equation. We use a periodic cylinder geometry (ρ, θ, z),(ρ being the radial coordinate, θ being the azimuthal coordinate, and z being the axial coordinate) defined in terms of the minor radius, a, and the major radius, R 0 as follows: we set ρ = r/a, r being the radial distance, 0 ρ 1; 0 θ, ζ 2π ;ζ = z/R 0 , is analogous to the toroidal angle. This model thus includes drift effects of two fluid theory, containing density and parallel momentum effects in addition to the single fluid model. We utilise CGS electrostatic units. We have neglected curvature effects as we are using a large aspect ratio, and as in our previous work, toroidal coupling between different (m, n) modes is allowed. We use a constant, uniform axial magnetic field, while the poloidal component of the magnetic field is determined as we evolve the equations. We prescribe and hold fixed imposed equilibrium flows and density profiles. Also, plasma β is assumed to be low and other code parameters are chosen to be consistent with this assumption. A significant difference is that we allow the current profile to evolve in the nonlinear evolution. The equations in our model are as follows [28, 5] :
It must be mentioned that the form of the source terms has been described in earlier papers [28, 5] . We use a reduced model for our present purposes. We note here that T e = T i = T 0 . We will introduce the dependent variables here, namely φ, the electrostatic potential, ψ, poloidal flux function, n e , quasi-neutral electron number density, v , parallel velocity. These are functions of r, θ, z, t, or in the normalized form ρ, θ, ζ and t as introduced above. We can write these by splitting the equilibrium and fluctuation parts, or in other words by Fourier analysing them and keeping the (0,0) component separate. Thus,
Here,
We also introduce the fundamental equilibrium quantities of the model: the axial magnetic field, B tor = B ζ = B 0 (uniform and constant),the safety factor, q(ρ) = ρ a R 0 B 0 B 0θ (ρ) , equilibrium quasi-neutral electron density n 0 (ρ). They have the following profiles: 
The values used for these parameters are as follows, consistent with our earlier single fluid study [8] : q 0 = 0.9, Λ = 1, ρ 0 = 0.6, T 0 = 275eV, B 0 = 2 × 10 4 , I p = 29.4KA. The parameter α is proportional to the density gradient, and we vary it from α = 0, which is the single fluid case, to α = 1.5.
We will now write the equations for the fluctuating quantities. We keep in mind that the following variables are to be evolved:
• The fluctuating quantities,ñ,φ,ψ,ṽ ,W . Here,W is the linearised 'potential vorticity'. The mean flows are held fixed, namely v z0 and v θ0 .
• The mean poloidal field B p (r, t) in the nonlinear case.
It is convenient to define the following time-scales which are relevant to our work: τ A = a/v A is the Alfvén time; τ η = (4πa 2 /c 2 η) the resistive diffusion time; τ ν = (a 2 /ν) the viscous diffusion time. We will use in the following the Lundquist Number, S = τη τ A and the Prandtl Number, P r = τη τν . The velocity perturbations are non-dimensionalised relative to the Alfven speed, v A = B 0 (4πm i n 0 ) 1/2 , and thermal velocity,
, with T 0i , T 0e being ion and electron temperatures respectively. m i is the ion mass, e is the elementary charge. Φ 0 (r), Ψ 0 (r) denote the mean electrostatic and magnetostatic potentials respectively. The equilibrium axial and poloidal, sub-Alfvénic sheared flows are:
These equations are rewritten in terms of the variables:
Equation [12] is the Poisson relation for our system. Equation [13] is the vorticity equation, whereW is the perturbed vorticity. Equation [14] describes the evolution of the perturbed poloidal flux functionψ. Equation [15] describes density evolution and equation [16] describes the evolution of parallel momentum. Here,
∂r e θ is the total electron poloidal flow composed of the electron E × B equilibrium flow and the electron diamagnetic flow. Also, we have N * = n e (0, t), T * = T e (0, t) + T i (0, t), ξ = N * V T H . The resistivity η and viscosity ν are specified quantities and are held constant during our calculations. In particular, we use the self-consistent formulation
2πR 0 , where the specified q profile and B 0 are used to get j 0z initial profile. After this, we hold the profile and the value of η(0) fixed throughout both linear and nonlinear calculations. We also have,
is the Prandtl number, which we have introduced earlier. We can therefore we see that kinematic viscosity ν and η share the same radial profile and are invariant in time.
This comes from
where, E is the electric field, φ is the electrostatic potential, and B 0 B 0z e ζ + B 0θ (ρ)e θ is the equilibrium field. The fluctuating electric field, δE, is related toφ [this has dimensions of length]. We use, = a/R 0 , the inverse aspect ratio
The magnetic field perturbations are normalized by the equilibrium axial magnetic field B 0z . The fluctuations of magnetic field and velocity are incompressible in the (r−θ) plane. The temperatures are measured in energy units, i.e, electron volts. Also, we have used fixed boundary conditions, along with a conducting boundary, which means that all the variables are zero at ρ = 1. Additionally, regularity considerations mean that at ρ = 0, the fluctuations approach zero, and we have set the plasma edge at ρ = 0.95. We have used the Fourier representation for the purpose of periodicity of the angular coordinates.
Together, these equations constitute the four field model we use and we solve them using the CUTIE (CUlham Transporter of Ions and Electrons) code [25, 7] , a nonlinear, global, electromagnetic, quasi-neutral, two fluid initial value code. It has been used earlier for studies of kink modes, tearing modes, ELMs, L to H transitions, internal transport barriers and other problems [25, 5, 7, 29, 8] .
We briefly describe the numerical details of our investigations. We have used a spatial resolution of 1801 radial grid points, 9 poloidal, 5 toroidal Fourier modes for the linear runs made with the resolvent code [7] , a version of CUTIE which is an eigenvalue solver, and is equivalent to the evolutionary version, and helps to find additional eigenvalues, as the evolution version only finds the fastest growing mode. In the nonlinear case, we reduce the radial grid to 101 points, due to limited computational resources. In the nonlinear cases, the error in growth rate thus introduced is not significant as we are more concerned with nonlinear saturated energy levels, a high accuracy in growth rate to many decimal places does not yield any additional information given the approximations in our model.
Results of linear simulations

No flow simulations
In this section we report on simulations without an imposed flow , i.e., v 0θ ≡ v 0ζ ≡ 0. Our particular emphasis is to study the variation of the mode characteristics as a function of Pr. In our simulations we have calculated the diamagnetic frequency ω * using the following formula:
Here, T = 275eV , B = 2 × 10 4 gauss, e = 4.8 × 10 −10 stat.coul, c = 3 × 10 10 cm/s cT eB = 1.37 × 10 6 cm 2 /s, 1 ne dne dr = −2α (r/a 2 ). Substituting these values, we obtain,
We note the values of the following parameters used in our runs: v A = 2.18 × 10 8 cm/s, β = 1.6%,τ A = 4.58 × 10 −8 ,τ η = 4.58 × 10 −2 and τ ν = P r × τ η , the value of P r is specified where used. In the following Fig. 2 we have showed a typical profile for D res , and since D visc = P r × D res , thus it has the same profile because P r is constant in our model. The eigenvalue version of CUTIE, called Resolvent-CUTIE was used to compute these linear results [7] .
Our results are plotted in Fig. [3] and Fig .[4] . Pr γτ A vs Pr for different density gradients In figure [3] , we notice that the growth rate reduces smoothly with Prandtl number, Pr, in accordance with the expectation that higher viscosity provides a larger damping. In figure [4] we see that the real frequency of the mode increases as a function of P r and approaches the ω * frequency asymptotically. This is a novel result showing that viscosity not only influences the growth rate (as shown in figure 4 ) but it can also influence the real frequency. This reactive contribution from viscosity was earlier noticed (but not commented upon) by Porcelli et al [30] over a small range of P r. Our simulations establish the existence of such a contribution over a wide range of P r values. Interestingly, the nature of this variation of the real frequency as a function of Pr can be modeled by the following relation, ωτ A ∝ (P r−0.5) P r+1.5 , where the proportionality constant changes with the α value. This scaling relation is shown as solid curves in Fig. 4 and as can be seen it relation provides a good analytic fit to the data points for all values of α. We also note that the growth rate is almost independent of α once Pr exceeds 15, as the viscous diffusion layer then becomes larger than the resistive layer. 
where, V 0z is the imposed axial flow velocity, V A is the Alfvén velocity, M z is the axial Mach Number, ρ = r a , is the normalized radial coordinate and ρ s = ρ when r = r s is the resonant radius. In this section and henceforth we refer to the q = 1 resonant radius as ρ q=1 .
The following Fig. 5 is a typical profile for V 0z , This profile is chosen to have the property of zero flow at the resonant surface, so we can study the effect of shear alone at the resonant surface on the mode. We state the values of ω * (α)τ A as a function of α as given in Eqn. 19 for convenience: We have studied the variation in growth rate and real frequency of the internal kink mode in two ways. We have studied the variation of the growth rate for different α values, in Fig. 6 . In the Fig. 6 , we observe that the growth curves exhibit a very interesting behaviour, in that, for a pure RMHD case, we obtain symmetry of the normalized growth rate curve about M z = 0, that is changing the sign of M z does not change the growth rate, but here we see a distinct asymmetry. This is due to the contributions of the parallel momentum and electron continuity equations. We have done a study by eliminating the parallel momentum equations, and setting α = 0; in this case, we recover RMHD behaviour.
In a similar manner, in Fig. 7 , which shows the corresponding variation of real frequency with M z for different values of α, we observe a similar asymmetry of frequency about M z = 0. This can be attributed to ω * -related contributions to the frequency of the mode, apart from the rotation caused by the axial flow. However, here all the curves are approximately parallel to each other, unlike in the growth rate case.
In Fig. 8 we plot the mode growth rate as a function of the axial flow Mach number, M 0z , for a given ω * (α = 1.5) = 1.8825 × 10 −3 for different P r values, at a fixed α. In the Fig. 8 , the ω * τ A is fixed and corresponds to α = 1.5. It is seen that the curves are qualitatively different for P r = 15 and higher, and upon further investigation, we have found that the behavior seen for P r = 1 continues upto P r = 8, and after that the curve changes its shape. This suggests a transition in the behavior of the mode with respect to the viscosity (i.e. P r alone is changed) when imposed flows exist.
In Fig. 9 , we plot the real frequencies corresponding to the growth rates shown in Fig. 8 . It is clearly seen that, as before, for P r = 1, frequency variation with M z is different from those for P r = 15. It is also seen that the real frequencies increase with Pr.
In summary, we see a very strong asymmetry in the growth rates as a function of the sign of M z .This is because a self consistent poloidal flow is generated by the diamagnetic drift. The frequencies show a similar profile as a function of M z , which is unlike what we observe for the growth rates. This is probably due to the fact that the ω * is independent of the axial flow and depends only on the density gradient in the linear regime. We then have the case of varying Pr for a fixed, finite density gradient. In this case, we observe that while low Pr increases the growth rate, high Pr reduces it, consistent with our observations in the RMHD case. The shape of the curves for the P r = 1 case surprisingly is very different than for the other Pr's, which seems to indicate a threshold in Prandtl number after which the behavior of the mode changes. The frequency also shows similar trends, and it seems to be the case that frequency and viscosity are not directly proportional, contrary to the expectation that viscosity being dissipative in nature should gradually reduce the frequency, but in fact increases it up to a certain limit.
Poloidal flow
We have used the following form for an imposed purely poloidal flow profile, Here, V 0θ is the equilibrium poloidal flow, and Ω(ρ) is the poloidal angular frequency at ρ = r/a. The following Fig. 10 is a typical flow profile: In Fig. 11 , we have plotted the normalized mode growth rate vs poloidal flow for different density gradients at a fixed Pr. In Fig. 11 , we see that poloidal flow is stabilising the mode with increasing M θ (ρ q=1 ) and decreases it in the negative direction. This is consistent with our finding that there is a positive ω * τ A present in the system, thus it adds when the flow is positive, stabilising the mode, and cancels when the flow is negative, so the mode gets destabilised. We see further evidence of this in the α = 0 curve which is symmetric when the sign of M θ (ρ q=1 ) is changed.
Our hypothesis is further strengthened by observing Fig. 12 where we see that the frequencies vary linearly with M θ (ρ q=1 ), and the curves for different ω * τ A , i.e., α values are parallel to each other.
In Fig. 13 , where we have plotted normalized growth rates vs M θ (ρ q=1 ) for different Pr at a fixed α. We notice that the trend for P r = 1 in Fig. 13 is qualitatively different from the other curves, but not substantially so. In the case of the corresponding frequency curve in Fig. 14, we notice similarly that the P r = 1 curve is parallel to the other curves, which are almost overlapping. This is also consistent with our Fig. 4 , where the frequency actually rises with Pr.
In conclusion, we notice that the normalized growth rates are symmetric in the case of α = 0 as a function of the sign of M θ , which is consistent with what we see in the RMHD case. After we introduce a finite α, we see curves which are broadly parallel, indicating a fixed ω * in the system. Importantly, therefore, unlike in the axial flow case, the system is symmetric as a function of poloidal flow. The frequencies confirm this, being linear functions of M θ (ρ q=1 ) and are parallel for different values of α. When we vary Pr for a fixed α, the curves display broadly the same shape, indicating that Pr does not affect poloidal flow in an asymmetric fashion as it did in the case of axial flow. The frequencies in this case show an expected increase in frequency with Pr as we observed in the benchmarking section. Normalized growth rate vs Poloidal Flow(M θ (ρ q=1 )) for different density gradients at a fixed Pr=1 of the poloidal flow. The two fluid model has an intrinsic poloidal flow present, and its behaviour is at variance from helical flow V-RMHD results. In the V-RMHD case [8] , we have an asymmetry in the effect of the helical flows. The present case is considerably more complicated as there are both imposed axial and poloidal flows, in addition to the intrinsic poloidal flows. In Fig. 15 , we observe the variation of the mode growth rate with increasing axial flow while keeping poloidal flow constant, for different density gradients at a fixed Pr, the difference between the normalized growth rates trends is significant. The trends show a similarity to the axial flow case, but the big difference is that for α = 0, the curve nearly coincides with α = 0.5, for M z negative, showing the strong influence of poloidal flow in modifying the behavior of the mode here. The other curves are parallel to each other, instead of coinciding as in the case of pure axial flow. The frequency curves in Fig. 16 show a similar trend to the corresponding pure axial flow case, 7, however, the frequency curves have a greater distance between them, showing that the poloidal flow has increased mode frequencies, and contributes to symmetry breaking.
In Fig. 17 we present the variation of the normalized growth rate with P r. We observe a similarity with the corresponding axial flow case Fig. 8 , with the addition of poloidal flow only changing the relative distance between the curves. This indicates that the axial flow dominates the dynamics in the case of using combined imposed flows. However, the effect of poloidal flows is also noticeable, despite being minor.
A similar situation is noticed in the case of Fig. 18 , which is very similar to 9, showing that the axial flow dominates the dynamics of the system. The frequency curves are very similar, and the addition of imposed poloidal flow seems to only slightly widen the distance between the curves.
In conclusion, we have discussed the effects of imposing an axial and poloidal flow simultaneously on the (1,1) kink mode. We see that overall, axial flow dominates the 
Nonlinear Studies
We present results of our nonlinear simulations in this Section. The nonlinear results here differ from the nonlinear results we obtained in our V-RMHD case [8] . It is worth mentioning here that the nonlinear results differ from the linear in a non trivial sense, which is to say, due to the coupling of the equations, it is not possible to isolate the effect of the individual nonlinear terms. There is an interaction of the nonlinear terms, which cannot be captured by an asymptotic analysis, and a full solution yields results qualitatively different from what an asymptotic analysis would yield. Therefore a numerical solution of the equations is the only way we can understand the true dynamics of this system. There is a discussion about these issues in Thyagaraja et al [25] . Profilefluctuation interactions as described are the strength of the CUTIE code, and enables us to understand the long term evolution of the visco-resistive modes better. Further, in our system, nonlinear mode coupling is allowed, but we have held the profiles of the equilibrium flows constant during the evolution. We describe below the variation of the energy levels at saturation as a function of Pr. We observe that at low Pr, the general trend is that the saturated energy level increases with α, and also as a function of Pr. At a high Pr, here P r > 15, we see that the saturated energy levels fall with increasing α. The nonlinear runs presented in this section were all carried out with a α = 1.5, thus the ω * τ A (α) = 1.8825 × 1 × 10 −3 . In Fig. 20 , we observe the nonlinear evolution of |ψ|, for the case with imposed axial flow with a fixed Mach number but opposite directions in comparison with the no flow case for P r = 15. We notice that positive axial flow leads to a higher initial rise of magnetic fluctuation amplitude as compared to the no flow case, followed by certain oscillations leading to a higher saturation amplitude. The situation is reversed with a negative axial flow, leading to a lower saturation level than the no flow case. In the Fig. 21 , we examine the case when we change the Pr to 60. As opposed to P r = 15, at the higher viscosity, positive flow hardly differs from the no imposed axial flow case, whereas the saturated amplitude is significantly lower than the no flow case. However, the saturated amplitudes in Fig. 21 have higher values than the corresponding ones in Fig. 20 , consistent with Fig. 19 . If we compare these results with our previous results with V-RMHD, we see that in the V-RMHD case, at low viscosity, axial flow cases had higher linear growth rates and saturated amplitudes than the no flow case. However, the high viscosity case, there at P r = 100, look similar to the high viscosity case here at P r = 60.
In the next figure, Fig. 22 we observe the nonlinear evolution of |ψ|, for the case with imposed poloidal flow with a fixed Mach number, M θ (ρ q=1 ) = 1 × 10 −3 but opposite directions in comparison with the no flow case for P r = 15, we examine the cases with an imposed poloidal flow. Here, the negative imposed poloidal flow case shows destabilisation, that is the saturated amplitude and linear growth rate is higher than the no flow case. It is the opposite for case with imposed positive poloidal flow, the saturated amplitudes and linear growth rates are lower than the no flow case but to a lesser extent.
For the P r = 60 case, in Fig 23 we observe that the positive flow exhibits similar behaviour as in Fig. 22 but the negative flow also shows stabilisation, that is a smaller saturated amplitude than the no flow case, but very slightly, as compared to the larger stabilisation shown in the positive flow case. 
Nonlinear Poloidal Flow results for Pr=60
Finally, we turn to the cases with combined imposed flows. In Fig. 24 , where we observe the nonlinear evolution of |ψ|, with helical flows, that is, we use the positive and negative combinations of a fixed axial Mach number M z = 0.01 and poloidal Mach number M θ (ρ q=1 ) = 1 × 10 −3 . This results in four cases, as there are two cases each of axial and poloidal flow. An examination of the Fig. 24 shows us that it exhibits features of both the nonlinear axial flow Fig. 20 and Fig. 22 for the same P r. We notice an asymmetry having runs with two helicities destabilised, that is, with higher saturated amplitudes, and two cases more stable than the no flow case. As in Fig. 22 , the cases with M θ (ρ q=1 ) positive are stabilized and vice versa. Negative axial flow is stabilizing and positive axial flow destabilizes if we fix the poloidal flow. This is similar qualitatively to what we had seen in Fig. 20 . This also indicates that the intrinsic poloidal flow and imposed poloidal flow have the same effects on the mode and it is the overall poloidal flow, the sum of both which affects the linear and nonlinear characteristics of the mode. In the V-RMHD, we had obtained a destabilization in all cases of imposed helical flow, unlike the present case which is more complicated.
The behavior of the mode in the presence of helical flow in Fig. 25 similarly exhibits the features of Fig. 21 and Fig. 23 . Here, for positive poloidal flow, positive axial flow is destabilizing but for negative poloidal flow, negative axial flow is destabilizing. Conversely, for a fixed negative axial flow, positive poloidal flow is stabilizing while for a fixed positive axial flow, positive poloidal flow is destabilizing. In comparison to the P r = 15 case, we see that case with positive axial and negative poloidal flow which had the highest saturated amplitude, now comes at third place, while the others remain at the same relative position. In comparison to V-RMHD, we see a similarity in that the most stable case is the one with axial and poloidal flows negative, but the important difference is that in V-RMHD, all the cases had a lower saturated amplitude than the no flow case. 
Summary and Discussion
In summary, we have carried out linear and nonlinear studies of the m = 1,n = 1 mode in a two fluid regime using the CUTIE code. In the absence of any imposed flow, we have observed significant diamagnetic stabilisation in the growth rate of the m = 1,n = 1 mode but the effect diminishes as we increase the viscosity. In low viscosity, the mode rotation frequencies are smaller compared to the respective diamagnetic flow frequencies but they approach the diamagnetic flow frequency asymptotically as we increase the viscosity. This is a novel result highlighting a reactive contribution of viscosity that influences the real frequency of the resistive kink mode. We have also found that the numerical results can be accurately fitted to a scaling relation given by ωτ A ∝ (P r−0.5) P r+1.5 , where the proportionality constant changes with the α value. This scaling relation is found to provide a good analytic fit to the data points for all values of α. Our findings can form the basis of a future theoretical investigation to obtain a first principles model of this behavior. The nonlinear saturation levels of the modes also increase with higher viscosity values, however its behaviour with change in diamagnetic flow is different for the low viscosity and high viscosity regime. At low viscosity it increases slightly with diamagnetic flow but decreases for high viscosity. In case of imposed axial flow, there is asymmetry with respect to the direction of the axial flow, for all cases, including zero diamagnetic flow. This is because parallel dynamics also introduce an asymmetry in the linear growth rate other than diamagnetic flow. Unlike axial flow, in the case of poloidal flow, there's a symmetry in the growth rate for the zero diamagnetic flow case. However, after the introduction of diamagnetic flow, the growth rates are not symmetric with respect to changing the direction of the imposed poloidal flow. In one direction it is destabilising and in the other direction it is stabilising the mode. This is very different from the single fluid result that the poloidal flow is always stabilising and recent experimental observations in JET [19] indicate that the poloidal flow may destablise the internal kink mode for certain conditions. Further extensions of these results in a fully toroidal code are presently in progress and will be reported in future.
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